Abstract. We show that the real K-theory spectrum KO is Anderson selfdual using the method previously employed in the second author's calculation of the Anderson dual of T mf . Indeed the current work can be considered as a lower chromatic version of that calculation. Emphasis is given to an algebrogeometric interpretation of this result in spectrally derived derived algebraic geometry. We finish by applying the result to a calculation of 2-primary GrossHopkins duality at height 1, and obtain an independent calculation of the group of exotic elements of the K(1)-local Picard group.
Introduction
The purpose of this note is to explain some results on duality for complex and real K-theory and their ramifications for the K(1)-local Picard group at the prime 2. The results obtained herein are not new to experts, and the major ingredients can be found in the literature. However, to the best of the authors' knowledge, those ingredients have not been previously blended together in the manner presented in this paper. That perspective and approach was of great use as a guiding example for the second author in her work on duality for topological modular forms [Sto12] .
There are two main forms of duality which algebraic topologists have used in K(n)-local settings, namely, Spanier-Whitehead duality, which is simply the monoidal duality, and Gross-Hopkins duality, which is a K(n)-local analogue of Pontryagin or Brown-Comenetz duality. We will be interested in an integral version of the latter, namely Anderson duality. This is not K(n)-local, though upon such localization is closely related to Gross-Hopkins duality. Instead, it is defined on the category of spectra, and in fact has a more geometric interpretation.
Consider the C 2 -action on the periodic K-theory spectrum KU via complex conjugation. The main computational result in this paper is the following Theorem 8.2. The Anderson dual I Z KU is C 2 -equivariantly equivalent to Σ 4 KU .
The real K-theory spectrum KO is the spectrum of homotopy fixed points KU hC2 , and the above duality is reflected in the following result as a 'wrong side computation.' This theorem has a derived algebro-geometric interpretation which we pursue in Section 3.
The first step of the proof of Theorem 8.2 consists of a simple calculation that KU is Anderson self-dual. We then proceed to develop a descent strategy for deducing the above-stated result. The fact that KO is the homotopy fixed points of KU under the conjugation action is insufficient for descending duality. Notwithstanding, we show that KO is also equivalent to the homotopy orbits of KU under the same C 2 action by proving that the associated Tate spectrum vanishes. This allows a calculation of the Anderson dual of KO, and from there we complete the proof of Theorem 8.2.
As an application of the above theorems, we use the relationship between Anderson duality and K(1)-local Gross-Hopkins duality to independently conclude the well known-fact that the K(1)-local category contains 'exotic' elements in its Picard group.
The organization of this paper is as follows. In Section 2 we define Anderson duality, and in Section 3 we give a detailed algebro-geometric interpretation of the duality in general, as well as an interpretation of Theorem 3.10 using derived algebraic geometry. Sections 4 through 8 contain the proof of Theorem 8.2, and in particular, in Section 5 we use equivariant homotopy theory to deduce, from scratch, the differentials in the homotopy fixed point spectral sequence for KO KU hC2 . Finally, in Section 9 we study the implications of Theorem 8.2 for the invertible K(1)-local spectra and deduce that an exotic such spectrum must exist.
Remark 1.1. Where possible we have included information that though known to experts, is perhaps not easily or at all found in the literature, such as the use of equivariant homotopy to determine a differential in a homotopy fixed point spectral sequence which we learned from Mike Hopkins and Mike Hill.
Conventions
We will denote homotopy fixed point and orbit spectral sequences by HFPSS and HOSS respectively. In all spectral sequence diagrams a box represents a copy of Z whilst a dot is a copy of Z/2. Vertical lines represent multiplication by 2, whilst lines of slope 1 represent multiplication by η. All spectral sequences will be Adams indexed; that is, a class in cohomological degree s and internal degree t will be drawn in position (t − s, s). By a commutative ring spectrum we will always mean a highly structured commutative ring.
Background on Anderson duality
The functor on spectra X → Hom(π − * X, Q/Z) is a cohomology theory since Q/Z is injective. Let I Q/Z denote the representing spectrum. The Brown-Comenetz dual of X is then defined as the function spectrum I Q/Z X = F (X, I Q/Z ). In a similar way we can define I Q to be the spectrum representing the functor X → Hom(π − * X, Q), and there is a natural map I Q → I Q/Z . We denote the homotopy fiber of this map by I Z . Of course, I Q is the rational Eilenberg-MacLane spectrum. For a spectrum X we then define I Z X as the function spectrum F (X, I Z ). This contravariant functor I Z on the category of spectra is known as Anderson duality, first used by Anderson [And69] ; see also [Yos75, HS05] . We shall see that the representing spectrum I Z is the dualizing object in the category of spectra (see Section 3).
Example 2.1. If A is a finite group, then the Brown-Comenetz dual of the EilenbergMacLane spectrum HA is again HA, and since there are no non-zero maps A → Q, it follows that the Anderson dual I Z HA is Σ −1 HA.
For a spectrum X, we can use a short spectral sequence to calculate the homotopy of I Z X. By considering the long exact sequence in homotopy of the fiber sequence (2.a)
we can form an exact couple and hence a spectral sequence,
where the spectral sequences is only non-zero for s = 0, 1.
Often this leads to very simple calculations, for example in the case of KU . Here, of course, π * KU is the ring of Laurent polynomials Z[u ±1 ] on the Bott element u of degree 2. Hence we easily conclude that the homotopy groups π * I Z KU are Z in even degrees and 0 in odd degrees.
Similarly, we can run this spectral sequence for I Z KO and conclude that π k I Z KO is Z when k is divisible by 4, Z/2 when k is congruent to 5 and 6 modulo 8, and zero otherwise. This indicates that perhaps I Z KO is a fourfold suspension of KO, as we show indeed is true. However, determining the KO-module structure seems tricky from this perspective as we explain in the subsequent paragraphs.
Returning to the case of KU , we can do more by observing the additional available structure; note that if R is a ring spectrum, then I Z R = F (R, I Z ) is a module over R. The following easy observation has crucial applications.
Proposition 2.2. Let R be a ring spectrum and let M be an R-module such that π * M is, as a graded module, free of rank one over π * R, generated by an element in
Proof. The generating element represents a map S t → M which can be extended to
by the R-module structure of M . The assumptions ensure that ϕ is an equivalence.
]-module of rank one, an immediate corollary of this proposition is that I Z KU is equivalent to KU , i.e. KU is Anderson self-dual. However, if we try to use the same argument for KO we fail because η multiplication on the dual non-torsion classes cannot be detected algebraically. Thus we proceed to using more a sophisticated approach.
A natural question that arises at this point is whether we can use this self-duality of KU to deduce any information about the Anderson dual of the real K-theory spectrum KO, using (only) that KO is the homotopy fixed point spectrum KU hC2 , where C 2 = c|c 2 = 1 acts on KU by complex conjugation. In other words, we would like to know (2.c)
as a KO-module. Note that homotopy fixed points are the right, not left adjoint to the forgetful functor, hence we cannot deduce much solely from the definitions and the self-duality of KU . However, we show in Section 6 that KO is also the homotopy orbit spectrum KU hC2 , and then proceed to the identification of I Z KO.
Algebro-geometric meaning of Anderson duality
Before proceeding to the computational specifics for K-theory, we would like to put the above duality discussion in a broader perspective. Namely, we claim that Anderson duality naturally occurs from a categorical viewpoint, as it is related to the existence of "wrong side" adjoints, or from an algebro-geometric viewpoint as such adjoints signify the compactness of certain geometric objects. * Perhaps the first notion of duality one encounters is that for vector spaces over a field k; the dual V ∨ of a vector space V is the space of linear maps from V to the base field k, and has the universal property that linear maps W → V ∨ are in bijection with bilinear pairings W ⊗ V → k. If we restrict our attention to finite dimensional vector spaces, we can recover V from its dual as
As is well known, if we try to directly imitate this situation in the more general case of (finitely generated) modules over a ring R and define a "naive" dual of M as Hom R (M, R), perhaps the first problem we encounter is the inexactness of the functor Hom. For example, if R = Z and M is finite, Hom Z (M, Z) is zero, so the naive dual cannot recover M . The initial obstacle is easily resolved by passing to the derived category of (complexes) of R-modules. One observes that for this to work properly, R ought to have finite injective dimension as a module over itself.
If it does not, we may still be able to define good dual modules by mapping into some other object instead of R. Hence we arrive at the following definition. (1) for any module M , the natural double duality map
is an isomorphism, and 
A dualizing R-module in the non-derived setting need not exist -it is necessary (but not sufficient) that the ring R be Cohen-Macaulay. For example the category of Z-modules (i.e. abelian groups) does not have a dualizing module since it is not Cohen-Macaulay, having depth 0 and Krull dimension 1. Nevertheless, its derived category does has a dualizing module -Z itself serves that role (as in Example 3.2). This is a significant example of duality in algebra as Z is an initial object in rings, and dualities for (derived) categories of R-modules can be obtained by studying the map u : Z → R (or rather, the induced map on the corresponding categories.)
To be more precise, consider the forgetful functor u * between the derived categories of R-modules and Z-modules. It always has a left adjoint u * given by tensoring up with R. However, suppose u * also has a right adjoint u ! . Then for any abelian group A and R-module M , there is an isomorphism
which immediately gives that u ! Z is a good candidate for a dualizing R-module. Indeed, we have that
In the above discussion, there was no need to restrict ourselves to modules over commutative rings. Indeed, considering quasi-coherent modules over the structure sheaf of a scheme gave rise to Grothendieck-Serre duality. In the algebro-geometric world, a dualizing module is defined precisely as in the algebraic Definition 3.1. Moreover, given a map of schemes f : X → Y , such that Y has a dualizing module D Y and the pushforward functor f * has a right adjoint f ! , then f ! D Y is a dualizing module over X. For details, the reader is referred to [Har66, Nee96, FHM03] .
Dualizing objects can also be consturcted in the category of ring spectra. Here the sphere is an initial object, and the category of S-modules is the category of spectra. (Note that this is already derived.) The following definition is due to Lurie [Lur12] .
Definition 3.3. Let A be a connective ring spectrum, and let K be an A-module (see, for example, [EKMM07] ). Then K is a dualizing A-module if (1) Each homotopy group π n K is a finitely generated module over π 0 A and π n K vanishes for n 0.
(2) [Dualizing property] The cannonical map A → F A (K, K) is an equivalence.
(3) The module K has finite injective dimension: there is an integer n such that if M is an A-module with
Example 3.4. We immediately see that the sphere is not a dualizing module over itself (in particular it does not satisfy the vanishing condition), but the Anderson spectrum I Z plays this role. The proof is easy and can be found in [Lur12, Example 4.3.9]. Indeed, (1) and (3) are obvious from the definition, and (2) follows from the fact that Z is the dualizing object in the derived category of Z-modules. Similarly, the category of p-local spectra, i.e. modules over the p-local sphere spectrum, has a dualizing object which is given by the spectrum I Z (p) , the homotopy fiber of the natural map
Remark 3.5. The above definition is suitable only for modules over connective ring spectra, and therefore cannot be applied as is to KU or KO-modules. However, if R is any ring spectrum, we can study dualizing R-modules relative to the unit map u : S → R. Namely, the forgetful functor u * from R-modules to spectra has both a left and a right adjoint, the right being given by taking the function spectrum F (R, −). Thus by the above formal reasoning, u ! I Z = F (R, I Z ) will have the dualizing property for R-modules.
3.1. Homotopical duality for stacks. We would like to patch together the geometric and homotopical notions of duality, thus we need a notion of a derived scheme which is a good notion of a locally ringed-by-spectra space. In fact, we shall not restrict ourselves to schemes, but consider (very simple) stacks, as we would like to have an object BG for a finite group G. For our purposes, the following definition (which is in fact a theorem of Lurie's) will suffice. Definition 3.6. A derived stack is a pair (X , O X ) with X a topos and O X a sheaf of commutative ring spectra on the smallétale site of X such that (1) The pair (X , π 0 O X ) is an ordinary stack; and
Example 3.7. A commutative ring spectrum R defines a derived stack Spec R whose underlying ordinary "stack" is the affine scheme Spec π 0 R. In particular, the sphere spectrum Spec S derives Spec Z, as does the Eilenberg-MacLane spectrum HZ. In fact, Spec HZ is the usual Spec Z, but it is no longer terminal; now Spec S is the terminal object.
We will consider the following situation. Let (X , O X ) be a derived stack over the sphere spectrum S and let f : X → Spec S be its structure map. The push-forward or global sections functor f * : (O X -mod) → (S-mod) always has a left adjoint, f * , the constant sheaf functor. However, in some situations, it also has a right adjoint, usually denoted f ! . When such f ! exists, we get that f ! I Z is a dualizing module for O X -modules. ‡ Example 3.8. Let R be a commutative ring spectrum, and let u : Spec R → Spec S be the structure map. Then u * , which is the forgetful functor from R-modules to spectra has both a left adjoint u * = − ∧ R and a right adjoint u ! = F (R, −). Hence u ! I Z = F (R, I Z ) has the dualizing property for R-modules.
Example 3.9. Let R be a commutative ring spectrum with an action by a finite group G. Then (BG, R) is an example of a derived stack, whereby modules over the structure sheaf are R-modules with a compatible G-action. If M is such a module, then f * M = M hG has a left adjoint given by smashing with R. However, f * may or may not have a right adjoint for non-trivial G. The existence of such is related to the Tate spectra that we recall in the next section. Note that in a K(n)-local setting the right adjoint of such an f * always exist by a theorem of Greenlees-Sadofsky
3.2. Duality for K theory, geometrically. We now describe how K-theory fits into this perspective; to begin with, we recall the setup from [LN12, Appendix A]. The reader is referred to loc.cit. for more details and proofs.
Let M Gm / Spec Z denote the stack classifying group schemes which become isomorphic to G m after a faithfully flat extension. These are also called forms of the multiplicative group. Lawson-Naumann show that the stack M Gm is equivalent to the stack BC 2 classifying principal C 2 -torsors.
There exists a sheaf O top of commutative ring spectra on the stack M Gm such that to eachétale map Spec R → M Gm , the sheaf O top assigns a complex orientable weakly even periodic commutative ring spectrum O top (R) such that Lawson-Nauman show that the spectrally ringed stack (M Gm , O top ) (over the sphere spectrum Spec S) is equivalent to (BC 2 , KU ), where C 2 acts on KU (by commutative ring maps) via complex conjugation. In particular, the category of O top -modules is equivalent to the category of C 2 -equivariant KU modules. ‡ Compare Remark 3.5
More specifically, let Spec R → M Gm be anétale map; and letR denote the ring which fits in a pullback square
where the bottom map is the usual covering map of BC 2 (which, in particular, is an affine map). The ringR constructed in this way is a free C 2 -module and as such has a homotopically unique C 2 -equivariant realization S(R) according to [BR07] , with π * S(R) ∼ = π * S ⊗ ZR . The value that the sheaf O top takes on the affine Spec R → M Gm is then given by (KU ∧ S(R))
hC2 , where C 2 acts diagonally on the smash product. We have
For example, if R = Z and the map is the covering Spec Z → M Gm (i.e. the map classifying
Thus the global sections of O top over M Gm are the homotopy fixed points KU hC2 , i.e. the real K-theory spectrum KO. In fact, using Galois descent or the general affineness machinery of Meier-Mathew [MM13, Ex. 6.1], one shows that the category of O top modules, which we saw is equivalent to C 2 -KU modules, is further equivalent to the category of KO modules as, by loc.cit., the derived stack (BC 2 , KU ) is equivalent to Spec KO. (i) Let u be the structure map Spec KO → Spec S. The push forward (i.e. forgetful) map
In particular, u ! I Z Σ 4 KO is the relative dualizing KO-module.
(ii) The push forward g * along the structure map g : (BC 2 , KU ) → Spec S has a right adjoint g ! given by
where F C2-KU denotes the function spectrum of non-equivariant KU -module maps equipped with the C 2 -action by conjugation. § (iii) The push forward f * along (M Gm , O top ) → Spec S having a right adjoint with
In particular,
This is what Hom in the category of modules over (BC 2 , KU ) is.
Proof. That the statements are equivalent is immediate from the above discussion. We will prove item ii. What we need to show is that for a spectrum A and a C 2 -KU module M, there is a natural equivalence
We split the proof in two parts.
(a) When A is the Anderson spectrum I Z , (3.d) reduces to showing that
However, Σ 4 KU is equivariantly equivalent to I Z KU by Theorem 8.2, and M hC2 is equivalent to M hC2 (this follows from by Corollary 6.3), which implies that we have a chain of equivalences
(b) In general, we note that the map A → F (F (A, I Z ), I Z ) is an equivalence, so we substitute A by its double dual. For a
by Corollary 6.3 we have that
By part (a), this is equivalent to
proving our result.
The norm cofibration sequence
Suppose a finite group G acts on a module M . The norm map of M is defined on the orbits M G and lands in the invariants M
and sends an orbit to the sum of its members. Now the Tate cohomology groups are defined as
for n = 0 ker(N G ) for n = −1 H −n−1 (G; M ) for n ≤ −2.
In the same vein, Greenlees and May [GM95] have assigned a Tate spectrum to a G-spectrum X. The story starts with the cofiber sequence
which gives rise to the following commutative diagram of equivariant cofiber sequences
The left vertical arrow is always a G equivalence. Upon taking G fixed points and using the Adams isomorphism, the diagram becomes
where Φ G X, which we define as (ẼG ∧ X) G , is the spectrum of geometric fixed points, and X tG = (ẼG ∧ F (EG + , X)) G is the Tate spectrum of X. The map X hG → X hG is often called the "norm map", and can be thought of as the spectrum level version of the algebraic norm map considered above. Thus the Tate spectrum can alternatively be defined as the cofiber of the norm map.
Associated to the homotopy orbit, homotopy fixed point, and Tate spectrum are conditionally convergent spectral sequences (4.g)
If R is a ring spectrum, then so are R hG and R tG ; moreover, the homotopy fixed point and Tate spectral sequences are spectral sequences of differential algebras and there is a natural map between them that is compatible with the differential algebra structure.
From the definition it is clear that X tG is contractible if and only if the norm map is an equivalence X hG X hG between homotopy fixed points and homotopy orbits. We will show that this is the case for X = KU with the C 2 -action by complex conjugation.
The homotopy fixed point spectral sequence for KO KU hC2
In the equivalence KO = KU hC2 , C 2 acts on KU by complex conjugation. This action has been made "genuinely" equivariant by Atiyah [Ati66] , who constructed a C 2 -equivariant version of KU often denoted by KR indexed by representation spheres. In particular, the fixed points KR C2 are equivalent to the homotopy fixed points KU hC2 = KO. In view of this, we will abandon the notation KR and refer to this "genuine" C 2 -spectrum by the name KU as well.
The E 2 -term of the homotopy fixed point spectral sequence for KU hC2 is given by H * (C 2 ; KU * ), with the generator c acting on
of Z immediately gives that the E 2 -term of the HFPSS can be described as
with |η| = (1, 1) and |t| = (4, 0), where t = u 2 is the square of the Bott class and η is the class that ends up representing the Hopf element S 1 → KO.
It has become somewhat standard to compute the differentials in the HFPSS as follows. Via Bott periodicity we know that KO is an 8 periodic ring spectrum, hence, an analysis the spectral sequence forces there to be a differential d 3 (t) = η 3 , and the algebra structure determines the rest of the differentials. Even though this is a famous differential, we include here a proof from scratch that we learned from Mike Hopkins and Mike Hill and which only uses the fact that KO KU hC2 KU C2 , as well as the equivariant form of Bott periodicity. The importance of the argument lies in its potential to be generalized to higher chromatic analogues of KO, such as T M F or EO n 's, where less is known a priori.
The HFPSS is the Bousfield-Kan spectral sequence for the cosimplicial spectrum F ((EC 2 ) + , KU ), i.e.
Its associated normalized complex (or E 1 page of the spectral sequence) is
Let ρ denote the regular complex representation of C 2 ; then ρ = 1 ⊕ σ, with σ the sign representation. The one-point compactification S ρ of ρ is C 2 -equivalent to BU (1). As such, it gives a C 2 -map S ρ BU (1) → BU → KU which we will denote by v 1 . This v 1 defines an element in π ρ KU which corresponds to a KU -module map S ρ ∧ KU → KU which is the C 2 -equivalence known as Bott periodicity [May96, XIV.3.2].
An equivalent way to construct v 1 is by observing that the composition S Our goal is to show that in the HFPSS, d 3 (v 2 1 ) = η 3 , and our method is to look at the map of HFPSSs induced by v 2 1 : S 2ρ → KU . This will be fruitful because the HFPSS(S 2ρ ) is basically determined by the cell decomposition of (S 2ρ ) hC2 . For any integer n, we have that the homotopy orbits (S nσ ) hC2 are equivalent to the Thom spectrum (RP ∞ ) −nξ , where ξ is the tautological line bundle of RP ∞ . This Thom spectrum is briefly denoted RP ∞ −n , is called a stunted projective space, and has been extensively studied. In particular, its cell structure is well known. The schematic of the cell structure for n = 2 is as follows
where the bullets denote cells in dimension given by the corresponding number, straight short lines between two bullets indicate that the cells are attached via multiplication by 2, and the curved lines indicate attaching maps η. The pattern is four-periodic.
Let DX denote the Spanier-Whitehead dual of X. We have a chain of equivalences
Hence the cell diagram of (S 2ρ ) hC2 is
This determines the E 1 -page of the HFPSS(S 2ρ ) and all differentials in HFPSS for KU hC2 . Let us describe how this works. Figure 1 shows the relevant parts of E 1 -terms for the HFPSS for S 2ρ and KU hC2 , following from the cell decomposition above. In particular the d 1 differential as shown is simply given by multiplication by 2. The map v 2 1 relates the spectral sequences, and in particular, as noted, the generator labelled e 4 maps to the generator labeled t := v 2 1 . It is a simple matter now to determine the E 2 -page. Note that there is a possible d 2 differential on the S 2ρ spectral sequence, whilst sparsity precludes such a differential on KU hC2 . In fact the attaching map η in the cell decomposition above determines the d 2 differential d 2 (e 4 ) = ηh 
The Tate spectrum and the Euler class
In addition to the spectral sequences (4.g), there is a conceptual way to compute the homotopy of a Tate spectrum from that of the homotopy fixed points and it involves a (co)homology class called the Euler class, described below. The calculations in this section bear some similarity to those of Fajstrup [Faj95] who calculates that the generalized Tate spectrum associated to KR is equivariantly contractible. The key to both calculations is the fact that the generator η ∈ π 1 KO is nilpotent.
We now define the Euler class. Think of the sign representation σ as a C 2 -bundle over a point. Then the Euler class is a characteristic class e σ ∈ H 1 C2 ( * ) = H 1 (RP ∞ ) Z/2. Alternatively the Euler class e σ is the element of
which is defined as the C 2 -fixed points of composition of the inclusion of fixed points S 0 → S σ with the σ-suspension of the unit map S 0 → KU . Note that we have used the equivariant form of Bott periodicity. We claim that e σ is the non-trivial element of π C2 −σ K; indeed, the inclusion S 0 → S σ is (unstably) the identity on C 2 -fixed points, and the fixed points of the unit map S 0 → KU contain the unit map for KU C2 KO, which is non-trivial.
Thus we conclude that e σ = η ∈ π 1 KO. We can also show that the Tate spectrum KU tC2 vanishes by a direct computation. This will have the advantage of making the homotopy orbit spectral sequence easy to calculate. From the above discussion the E 2 -term of the Tate spectral sequence for KU tC2 can be described aŝ
We proved above that η 3 = 0 in the homotopy of KO. Since the map between the homotopy fixed point and Tate spectral sequence is compatible with the differential algebra structure, we also have that η 3 = 0 in the Tate spectral sequence. Thus we must have d 3 (t) = η 3 and the differentials then follow the pattern shown in Figure 4 because of multiplicativity. In particular the E 3 -page is 0 and the Tate spectrum is contractible. The vanishing of the Tate spectrum allows us to prove the following two corollaries which we used in Section 3.
Proposition 6.2. Let M be a C 2 -equivariant KU module. Then M tG and Φ G M are contractible.
Proof. The spectra M tG and Φ G M are modules over KU tG and Φ G KU , respectively, which are contractible by Proposition 6.1. Proof. Follows immediately from the diagram (4.f), in which the two rightmost spectra become contractible by the above proposition.
7. The homotopy orbit spectrum for KO
To calculate the homotopy orbit spectral sequence we can use the definition of the Tate cohomology groups as given in Equation (4.e) as well as the calculations shown in Figure 4 .
We just need to calculate the co-invariants; for the trivial action H 0 (C 2 ; Z) Z, whilst for the sign-representation H 0 (C 2 , Z sgn ) = Z/2.
We draw the homotopy orbit spectral sequence with cohomological grading, i.e. set E s,t 2 = H −s (C 2 , π t KU ). The differentials can be inferred from those in the Tate spectral sequence. The resulting spectral sequence is shown in Figure 5 . Note that there has to be an additive extension as shown with the dashed line, since π 0 KO Z is torsion free. 
The Anderson dual of KO
From Equation (2.c), and the fact that the Anderson dual of KU is just KU we get the following sequence of equivalences
Note that even though I Q/Z KU KU , this does not imply that (I Z KU ) hC2 KO, as the action may have changed. Since the E 2 -terms of the associated HFPSS are isomorphic, a twist in the action would alter the differential pattern. Since the E 2 -term of the HFPSS's is 4-periodic, and the HFPSS of I Z KO is a module over the one for KO, we have that I Z KO is either KO or Σ 4 KO. We will show that it is the latter by determining the differential structure on the homotopy fixed point spectrum sequence. Proof. The argument here will follow the proof of Theorem 13.1 of [Sto12] . Our goal is to show that the spectral sequence computing F (KU hC2 , I Q/Z ) is the linear dual of the homotopy orbit spectral sequence for KO = KU hC2 .
We can construct a commuting square of spectral sequences
Here B is dual to the homotopy orbit spectral sequence, A is obtained via the Grothendieck composite functor spectral sequence associated to the functors Hom and coinvariants, and D is the Anderson duality spectral sequence given by Equation (2.b). We want to show that the spectral sequences B and C are isomorphic. As explained in [Sto12] the diffrentials in B are compatible with the filtration giving C if and only if A collapses, which holds in our case. Consequently, B and C are isomorphic. Thus we apply Ext Z (−, Z) to homotopy orbit spectral sequence to obtain the homotopy fixed point spectral sequence for computing the Anderson dual of KO, and we can read the differentials straight from the homotopy orbit spectral sequence.
A diagram of the spectral sequence can be seen in Figure 6 . This gives an isomorphism on homotopy π * (I Z KO) π * (Σ 4 KO). Let f : S 4 → I Z KO be a generator of π 4 I Z (KO) = Z, which is also a generator of π * I Z KO as a π * KO-module. 
which by Theorem 8.1 is zero.
Applications to the K(1)-local Picard group
Fix a prime p; in this section we use the usual notation for the chromatic players. So, K(n) and E n denote the Morava K and E-theory spectra at height n; G n is the (big) Morava stabilizer group, L n denotes localization with respect to E n ¶ , and M n is the monochromatic layer functor, i.e. the homotopy fiber of the map L n → L n−1 .
As currently defined, even if X is a K(n)-local spectrum, I Q/Z X need not be. The relevant details to extend Brown-Comenetz to the K(n)-local category have been worked out by Gross and Hopkins [HG94] , and this form of duality also goes by the name Gross-Hopkins duality. For K(n)-local X, the Gross-Hopkins dual of X is defined as
Since I Q X becomes contractible after K(n)-localisation (for n ≥ 1) we get that, if X is E(n)-local, the fiber sequence in eq. (2.a) gives
Since KO is E 1 -local we immediately obtain Corollary 9.1. The K(1)-local Brown-Comenetz dual of KO is given by
The other main type of duality in the K(n)-local category is K(n)-local SpanierWhitehead duality, defined by D n X = F (X, L K(n) S 0 ), and now we relate it to Gross-Hopkins duality. To do so we need the Picard group of the K(n)-local homotopy category, introduced by Hopkins [HMS94] . We call a K(n)-local spectrum X invertible if there exists a spectrum X −1 such that L K(n) (X ∧X −1 ) L K(n) S 0 ; the ¶ or equivalently with respect to the Johnson-Wilson spectrum E(n)
Picard group Pic n is the group of isomorphism classes of invertible objects. There is a map : Pic n → H 1 (G n , (E n ) × 0 ), and if p is large compared to n then this map is injective.
Hopkins, Mahowald and Sadofsky further show that a K(n)-local X being invertible is equivalent to (E n ) * X being a free (E n ) * -module of rank 1. Noting that there is an equivalence M n X M n L K(n) X, let I n denote I n L K(n) S 0 . By work of Gross and Hopkins [HG94] , (E n ) * I n is a free (E n ) * -module of rank 1 and hence I n defines an element of Pic n . In particular I n is dualisable and so there is a K(n)-local equivalence (9.k) I n X F (X, I n ) I n ∧ D n X.
In fact more can be said by incorporating the action of the Morava stabilizer group G n . We recall briefly that there is a reduced determinant map G n → Z × p , and if M is a (E n ) * -module with a compatible action of G n , then we write M det for the module with G n action twisted by the determinant map. Then Hopkins and Gross in fact prove the stronger statement (see also [Str00] ) that
There is a 'twisted sphere' spectrum S det such that (E n ) * S det (E n ) * det and thus whenever is injective there is an equivalence (9.l) I n Σ n 2 −n S det ,
We will show that at n = 1, p = 2 this does not hold, and hence that the map has non-trivial kernel traditionally denoted κ 1 and called the 'exotic' K(1)-local Picard group. We note that at n = 1, S det S 2 , and so trivial kernel would imply that I 1 S 2 .
We use the following result, as proved by Hahn and Mitchell. where the first map is the adjoint of the (desuspension) of the multiplication map KO ∧KO → KO. This composite induces a weak equivalence on homotopy groups, and the claim follows.
Corollary 9.3. The exotic Picard group κ 1 is non-empty; in particular there is an element P of κ 1 such that P ∧ KO Σ 4 KO.
Proof. Corollary 9.1 and eq. (9.k) imply that Σ 5 KO Σ −1 I 1 ∧KO, and comparison with eq. (9.l) shows that κ 1 must be non-empty. The group structure on the Picard group then allows us to deduce the existence of P such that P ∧ KO Σ 4 KO.
Note that we follow the usual convention in that (En) * X := π * L K(n) (En ∧ X).
Since KO is 8-periodic, the element P of κ 1 must have order a positive even number; this gives a lower bound on the order of κ 1 . It is not much more work to show that this P is in fact the only non-trivial element of κ 1 , which we now outline how to do. Recall that E 1 is the 2-completion of KU , G 1 = Z
